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Abstract: The present paper envisage the g-analogues of the operators, results deter-
mined by Dattoli et.al, to deal with the tamilies of pseudo-Kampé de Fériet polynomi-
alz, which can be viewed az the complement for the theory of g-fractional derivabives
and g-partial fractional differential equations of evolutive type. We show thabt these
families allow the possibility of treating a large variety of g-exponsntial operators pro-
viding gensralized fractional forms of g-shift operatora.
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1. Introduction

In this paper, the following notabions shall be used (see[9], [10]) for | g |< 1 we

have o
(01 g)ee = [[ (1 —0g’) (1.1)
=D
Tyla+n)
3G = 2T 12
(i) =~ (1.2)
and for an arbitrary complex number n, we have
(5 goo
o)y = 1.2¢
0 = Tagi s \1.20)
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in particular if n =1,2,--+, we get

(a1 g)n= (1 — )1 —ag)--- (1 —ag™") (1.28)
In 1979, Cigler [2], defined the sum of g-numbers in the following manner

_ ST Sk GRS Sl SN ek AN
(o] @y [Bly = [es+¢710y = 1—q+q g = 1-g [+ 8]y (1.3)
The g-derivative iz defined as
£2) = Flan)
LA )
Dyf(z) = =g (1.4)
#0), 5= 0

ita nth terate 1z written as

Dpf(z) = DF Dy fle)),

for mn=1,2,--+, whers Dg denotes the identity operator.
g-Gamme function iz defined (=ee[9], [10]) as

T,(z) = /mumi—wuz @9 ) _ p1= gcgat 15
de) = [ o= Bl gy (1.5)
The g-Exponential function iz defined ag follows
S (16)
w=0 [{'P]Q'l I

In what follows, we consider analytic function f{z) so that the corresponding ¢-
analogue of Taylor expansion

tern = Sam 2] o (1)

converges to corresponding value of f in & suitable neighborhood of .
In 2003, Dattoli et al. [3] discussed the exponential operators, In the present paper
we find the g-analogue of the exponential operators, obtained by Dattoli st. al [3]
- A&
Em — Eq[g;]q (18:]

g

In particular when m = 1, it reduces to the ordinary g-shift operator, whils for m =2
it can be identified with the g-operatorial version of the Gauss transform. Let us writs
g-Taylor transformation, we havs

gL e[l
Sl = 3R = fee) (19)
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Let us write g-analogue of the identity [19], we have

\/_f —§Q+9b§dq€1
we find [aﬁ]
o) = g (Lt M e
- 2{/ % flo+ 26N
2,
fa) = oo [ T e (1.10)

after a suitable change of variables.
Both ths aforementioned egs. {1.9) and (1.10) are solution of the g-partial differ-
ential equation:

2] e = [2] e

&

(4)
Flz,0) = flz), m=12
In case when m > 2, the exponential operator Em = Eq[ =, provides formal solution

for the generalized hea,t equation. Therefors, we emphasize that the g-analogue of [3]
Hermite-Kampé de Fériet polynomials [1] of the type

NET L & A [amr ],
P = 5 o f
[%] zn—Qw o
y ~ ™
= [0l > i = B ey9) = ¢P(zwi0)

oo [P = 2rl![ry!
or equivalently the g-analogue GouldHopper polynomials [13, p. 76, eq. {1.9) (6)]:

i3]
orlnie) = Y ety = H e,y q)
=6 [rl![n — 2!

are a solutlon of

{@%LF@A) = {%EF@JL

Page]. 7 1
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or in other words[12] and [13]

NET L i) ,
Eq z - T (£1yIQ) (111)

This last result iz particularly important, since it allows the conclusion that if flz) is
an analytic function defined by the zerisz expansion

filz) = Zn:cnmn

then, by g-analogue of the Taylor Theorem, we write

SN = TP i) (1.12)

The polynomials H™ (2, v; ¢) will said to be the g-analogue of the Hermite polynomials
of index n and order m,

Particular caze: When ¢ —— 1, the equations of thiz section give raize to the ega
given in the first section of Dattoll et al. [3].

2. Generalized ¢-Exponential Operators

In 2003, extensive uses of exponential operators were uzed by Dattoll et al. [3].
Let us see the g-analogus of the exponential shift operators used in [12] and [13], which
play crucial role in the g-analogue of the problems concerning in the purs and applied
IMathematics [4].
- rple[ £
8= o 2.1)
The properties of the generalizad g-chift operator are similar to that of dizcussed in
ref. [16-18] and their importance for the solutlon of generalized g-difference equations
are similar to thab of stressed in ref [5]. The action of E) on a given function f(z) has

been shown to be provided by [12] and [13]

Egf(z) = f[F7H(A+ Fla))], (2:2)

whera

Flz) = /% or %LF(@) - ﬁ or plz) {%LF(@ =1 (23

defines the associated characteristic function of the generalized g-shift opsrator and

F71Y ig its inverse. The proof of the above identity can be essily given, by Taylor
Theorem noting that =
EFiz) = Flz)+ A
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only if [12] and [13]

{pcm [ﬂm} -1,

where [-,] denotes commutation brackets, that is

%LF@) -1

IMors generally, we can always write [8] and [9]

plz)

Eyf(z) = FIFT (04 Fla))],

It iz evident that for p(z) = 1, E'; reduces to the ordinary shift operator, when we put
plz) = z we find Flz) = Ing(z) and F~1{z) = g7, we have

aa[ ] A
wTEhs) = fedn) (2.4)
It iz evident that the g-analogue of the operators [12] and [13]
Tor = #l5) | 5)
wy = F dz :

can be viewed as an ordinary g-derivative, although F(z) is & function, [F(z)]™ behaves,
under the action of T,y a8 an ordinary monomial, we obtain indeed

Teal F(2)]* = [nle[F ()], (2.6)

we can take advantage from thig trivial property to discuss the rule associated with
the use of operators like

E:_rm :e;‘(ﬁ‘iq)m _ ei(p(m)[%]q) ) (2.7)

for m. integer or real.
According to the conclugion of the introductory section and to these last relations,
we can introducs the polynomials,

R a,yiq) = HY (F(2)yi9), (2.8)

which satisfy the recurrences
re ot [ 2] | Hr 0 = a3 LT
i it —_— - ' = |rl,! _
qy 3$ . e S g = [ﬂ + 1 — m’r]q! [’r]q!
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R 3o0es>

o F@IH [ty
Bl |kt 2 o Tl v T ]
(2 - (=) -
o 2 [ L - e [Pl g [Fl]*H [y
= [nld! gn [n+ 1 —mr],] [T]q!ﬂa[“m]q igh ; [n4+ 1 —mr],! [r]y!

[%1 " 11— ®
= [nl! { el 1 —male®lmlq[r] )

= [+ 1 —mr] ! [y

The product of g-numbers iz defined [8; eq.(324)] by [2]; = e};‘qqa)? this power function
allows to write

[mlglrly = [mrq

= [n41],[n],! Zm: [F(z)]nﬂ_m‘

= [rleln+ 1 — ]!

or

F(z) @ [m]oy [5%} _ ] H(F(2),y19) = HIA(F(2),y:)

g

by using the eq. (2.8), we have

=,y =1 -
[Fﬁz) & [mley (Tan) } R (2, vi9) = b (2,91 9),
and
Teal 5 (2,91 9)] = [ple A (2,91 q).
29)
Clearly hsfz)(my;q) are g-functions satisfying g-polynomisal type identities and will

therefore be called pseudo g-anslogue of HEK.d.F.
It becomes also evident that identitiss of the following type

[P+ ()] =3 | ¢

=0

Ho o Flahviq) (20(Taa)) (2.10)

We show that eq. (2.10) follows from ths Weyl identity. Note that since F(z) and
29(Tag) do not commute, therefore the use of the Newton binomial formuls iz not
allowed. Multiplying the left-hand side of eq. (2.10) by £ [n] r and summing over n, we

find
g % [Fle)+ 2y (“wg)]n _ E;(F(m)-f-gﬁ;q)?
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N\

by using the Weyl identity, where F = ¢+F(z) and § = 2yt 7.,

since [[ﬁ? @?P] = [[ﬁ? @1@] =0

further noting that

[F,d] = PG - QF = 2",
and (50
=2y P g —zlPa
& e EQJ-:‘E;?Eq 7
therefore, we can write
8;<F<w>+zyfi;q> _ 8;F<w>+yezggyei;q

By expanding the g-exponential function, we obbain

o 1 [ =TT tn+.s

Zmﬁr Z Eyﬁcq ZZ HalF(z), 41 ) (2 Twa)’.

=0 El =0 s_[.‘l
Setting & = n+ s and inverting summations, we find

o

Z %)+ 2y Tasg)® ik_z{ } His(F(z), 9 0) (2 T)®.

k=0 g

Therefore, (2.10) follows from the comparison of the coefficients of %‘;, in the last
equation. By using the eq. (2.8} we find the following result

[F(z)-ﬁ—Ey (ﬁe;q)]n: i(zyjs { ? } hf—)s':zmyi‘ﬂ (ﬁm;q)é (2.11)

=0

{0 f(F()) = e f(F () = AF(E) + by (o)™ )™ (21

which realize an extension of the ordinary Burchnall and Crofton [5, 16] identities valid
for p(z) = 1.

It iz evident that all the wealth of properties of HK .d.F. can be extended fairly
stralghtforwardly to the functions hgﬂh(zjy; 7). The use of the previously discussed rulss
may greatly simplify the application of diffserent types of exponential polynomials,

To give some examples, we note e.g. that

ycc‘i . i y[e st relngla o e,
Eq[ &1, (%) = Eq[ %= erins) — Z%Wffﬁ Mingz), 4 9),
= q*

(2.18)
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R 3o0es>
and since
ooy . oy = ek e R | e ey
S end = LS Ml e = X
B [ (zt:ln (ytm)k B [ (zt)n [ (ytm:lk _ Emteyt”‘
LI W T S B S
> o) = S (2.14)

or, equivalently,

[ L

Z;][T]q!gi N,y q) = 2™, (2.15)

by replacing ¢ and z with n and In,(z) respectively. For the aforementioned Gould-
1

Hopper polynomials [17, p. 86, sq. (1.11) {27}], we find that

PR
vl e[#
Bq( [T]q) (mn:l — znegn‘“l (216)
It is now evident that if f{z) 1= specified by any analytic function (f(z) = ¥, c,2™),
then o
yl a4 -
Eq( [T]q) f(zj — chznegn ) (217)
w

provided that the last series iz conwvergent. PFurther comments on this last result will
be presented in the concluding section(4).
A furthsr example of g-exponential operator 1z provided by the case

O I R R ]

for which we find

Jeor[2]] {i} _ 83[<m_b>2[.,,a;]q]2 [ _5

Eq
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5= z—b
lat —ﬁ = t, therefore [g;] = m_ib and [%L = [%L‘ [%L
= e [#], o [8l =e-orla],
W
o 412 oo
S = SO°H i)
or
Jerr (2] [2-8] = |
&g [ " } = ;(5) Hs(—m;y;q)-

(2.18)

Particular case: The results determined by Dattoll et al. [3; In 2 sectlon] can be
obtainsd by taking limilt g —— 1, into the equations of thiz ssction.

3. ¢-Analogue of the Exponential Operators of Fractional Order

In this section we will discuss fractional shift operators of ths type

- pia[£],)
g WL (2.1)
with p(z) = 1 and p any real number such that 0 < p < 1,

Before entering into the main body of the discussion, we recall that g-analogue of

the Riemann-Liouville derivative of fractional order m is defined by {see [15]; see also

[, p. 286, q. (5.1) (3)])
d1" 1 dm
= |

fle) =
Folm —v) [da™],

where m 1s a positive integer such that m —1 < v < m.

Accordingly, we get

[te =iy, (3.2)

g

LR

el

where Hg“)l:z’y;q) are g-analogue of the HE.d.F. pseudo-polynomials of fractional
order, defined by

P w,010) = o) Y e (3.4
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REH 350

whose validity easily be checked by the direct expansion of the operator and by the
fact that [15]

() == &) - e wemen o9

g g

According to the previous discussions Hé“)(z,y;q) iz tha natural solution of g-
analogue the fractional Cauchy problem

{%Lu(%w = {%Eu(%yh 5
ulz,0) = 2

We must underline that the function Hj',:f)(ziy;q) 1z an extension of g-analogue the
ordinary HK.d.F. or Gould-Hopper polynomials.
More generally we can solve the problem (B with the general condition

uw(z,0) = flz) = > 2" (3.6)
according to the following relation
wzy) = flz) = el yiq) (3.7)
Clearly, g-analogue of the generalized shift exponential operators of the type, i3 written
a8
- pai[£] )
B = Eq’( g ]q)
With thiz purpose in view, we conzider the problem
Ir
5} } 5}
2] ) = (pw e ) w(ory),
[5‘y ¢ oz ], ()
u(z,0) = (F(z))%,
where . g
o) = f L
29
It is fairly natural to write the solution of {C') as follows:
uiz,y) = HY (Fiz)yiq) (3.8)

This last result completes the purposes of the present paper aimed at providing a
general framework for the families of g-analogue exponential operators.
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Particular case: By taking limit g — 1, the eqz. (3.1) to (3.8) reduce to the results
due to Dattoli et al. [3; p. 220-221, section 3.

4. Concluding Remarks

In the previous ssction we hawve seen that the theory of g-exponential operators can
be conveniently complemented by the use of functions satisfying recurrences of quasi
monomial nature,

In these concluding remarks we will discuss the introduction of & family of functions
which can be viewed ag a fairly natural consequence of the so far developed formalism.

We consider the case of logarithmic Bessel functions, whose generating function
can be cast in the following form

Gle,d;q) =z = 5 & T (In,(2); q), (4.1)

=i

where J.(z] denote the first kind cylinder Bessel functions, that iz its g-analogue is
writhen asg

L e 1 (~17)"
Talzia) = (2; 7)es (52) i g ele™ s

It 1= evident that we can take advantage from the discussion of the previous zections,
to consider the following problem

) jsangn) _ o (nteremelst],) (4.2)
The g-exponential can be decoupled by means of the Weyl rule

af*'ﬁ =e
where

by aetting indeed

(4.2)

we find

[, @] = 2y[sing (9)]7, (44)
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e e
thus getting ,
8«? (w[aa;]q) LrEng(d) o dsing(d) quy[sinq(ts‘)]gl (4.5)

Which 1z the generating function of a two-varlable Bessel function, namely

gt = S I Ty ) (4.6)
W (%yitﬂ _ Z (_1) Hn+2w':ln¢($)-ayi'§.':'l (4})

- o 2Pyl + !

It 1= evident that we ended up with a Bessel type funchion generalizing those of Hermite
nature discussed in ref. [8]. It Is worth emphasizing that the above equabions satisfy a
partial differential equation of the type

[%Lcm i) = (

a(2,0;9) = Jnllng(2); ).
It iz evident that the above considerations can be extended to any generating function
of the type [3]

5 2

EiF(a:) Angld) . (4 . 9)

Before concluding we will show how the combined use of integral transform and the
previous formalism allows the derivation of further important relations. According to
the identity [19]

2B ]

] \/f— "
we can eagily conclude that the polynomials hg)(zﬁy; g) can also be realized in terms
of the integral representation

o(plel[£],) o .,
ex P = = [ f R ey (4.11)

ARy . (4.10)

Golng back to eq. (2.17) and speclalizing for m = 2, the use of the above relations
allowa to state the following identity

e (_1)?2.8—1,-72

> | \/_]oo & —msq(Qﬂ cosy(sing (24/4€) )dgl.

=0 [ﬂ'] g I

Finally since [7]

i _ Y [ ] e—dzfdt 412
% 2ymlo ¢ o (4.12)
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1
by replacing d with Tehand by using the previcusly discussed rules we find

® 1

- £ : y _3{2_& A w
e ¥ Tmel? 4, (T.q)qut

S S g R A

Tt

let ug see the effects of equ': on an ordinary function, we have

) = g g
> 3 y o1l -y
e ¥l £y = W A FHE TR —8))dgt, (4.13)

W hich realizes the transform providing the action of a fractional generalized shift op-
erator on a given function, the validity of both {3.11) and {3.12) is limited to the case
in which the integral converges.

Particular case: Taking the limit g+ 1, the eqs. (4.1} to (4.13) give raise to the
aqs. (15) to (26) due to Dattoll et al. [2].
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