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Abstract: 

In this paper we are going to solve numerous partial differential equations by introducing a new double 

integral transform known as Laplace – Upadhyaya Transform (DLUT). The significance of this research is 

that all the other double Laplace – any transform, merely becomes particular case of this newly introduced 

DLUT. In this paper we will prove few theorems and properties of DLUT which in return will be useful to 

solve PDE’s. 
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Introduction: 

Double Integral Transforms has become an active area for new researchers in the last few decades. It is a 

powerful technique used to solve partial differential equations as well as fractional differential equations of 

various kind. Some of the work using double integral transform can be referred from [1-6]. In the paper [2] 

solution of partial differential equations is obtained by using double Laplace – Sumudu transform. Recently, 

Upadhyaya, L. M. [7] introduced a new transform known as Upadhyaya transform which we have used in 

our research. In this paper we use double Laplace – Upadhyaya Transform to solve partial differential 

equations. Beauty of this research is, results obtained to solve partial differential equations by any double 

Laplace – some transform, will merely become particular cases of our results.   

Definition 1: 

The Laplace Transform of the continuous function ℎ(𝑥) is defined by, 

𝐿[ℎ(𝑥)] = ∫ 𝑒−𝜌𝑥ℎ(𝑥) 𝑑𝑥 = 𝐻(𝜌)
∞

0
  

Definition 2: 

The Upadhyaya Transform of the continuous function 𝑓(𝑡) is defined by [7], 

𝒰[𝑓(𝑡)] = 𝜆1 ∫ 𝑒2
−𝜆2𝑡∞

0
𝑓(𝜆3𝑡)𝑑𝑡 = 𝐹(𝜆1, 𝜆2, 𝜆3). 

Definition 3: 

The double Laplace – Upadhyaya transform of the function ℎ(𝑥, 𝑡) of two variables 𝑥 > 0 and 𝑡 > 0 is 

denoted by, 

Original Research Article  
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 𝐿𝑥𝒰𝑡[ℎ(𝑥, 𝑡)] = 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡∞

0
ℎ(𝑥, 𝜆3𝑡) 𝑑𝑥𝑑𝑡

∞

0
= 𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3).                         

Note that, 

𝐿𝑥𝒰𝑡[𝛼1ℎ(𝑥, 𝑡) + 𝛼2𝑔(𝑥, 𝑡)] = 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡[
∞

0

𝛼1ℎ(𝑥, 𝜆3𝑡) + 𝛼2𝑔(𝑥, 𝜆3𝑡)] 𝑑𝑥𝑑𝑡
∞

0

 

= 𝛼1𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡
∞

0

ℎ(𝑥, 𝜆3𝑡)𝑑𝑥𝑑𝑡 + 𝛼2𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡[
∞

0

𝑔(𝑥, 𝜆3𝑡)] 𝑑𝑥𝑑𝑡
∞

0

 
∞

0

 

= 𝛼1𝐿𝑥𝒰𝑡[ℎ(𝑥, 𝑡)] + 𝛼2𝐿𝑥𝒰𝑡[𝑔(𝑥, 𝑡)], where 𝛼1, 𝛼2 are constants. 

Definition 4: 

The inverse Laplace – Upadhyaya transform 𝐿𝑥
−1𝒰𝑡

−1[𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3)] = ℎ(𝑥, 𝑡) is defined by, 

𝐿𝑥
−1𝒰𝑡

−1[𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3)] = (
1

2𝜋𝑖
) ∫ 𝑒𝜌𝑥𝑑𝜌

𝛾+𝑖∞

𝛾−𝑖∞
 (

1

2𝜋𝑖
) ∫ 𝜆1𝑒𝜆2𝑡𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3)𝑑𝜆2

𝜔+𝑖∞

𝜔−𝑖∞
. 

Double Laplace – Upadhyaya transform of some basic functions: 

(1) ℎ(𝑥, 𝑡) = 1, 𝑥 > 0, 𝑡 > 0 

𝐿𝑥𝒰𝑡[1] = 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡
∞

0

 𝑑𝑥𝑑𝑡
∞

0

 

= 𝜆1 [∫ 𝑒−𝜌𝑥
∞

0

𝑑𝑥  ∫ 𝑒−𝜆2𝑡 𝑑𝑡
∞

0

] 

=
𝜆1

𝜌𝜆2
 

(2) ℎ(𝑥, 𝑡) = 𝑥𝑎  𝑡𝑏 

𝐿𝑥𝒰𝑡[𝑥𝑎𝑡𝑏] = 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡
∞

0

𝑥𝑎  (𝜆3𝑡)𝑏 𝑑𝑥𝑑𝑡
∞

0

 

= 𝜆1𝜆3
𝑏 [∫ 𝑒−𝜌𝑥𝑥𝑐

∞

0

𝑑𝑥  ∫ 𝑒−𝜆2𝑡 𝑡𝑏𝑑𝑡
∞

0

] 

=
𝜆1λ3

bΓ(a+1)

ρa+1   
Γ(𝑏+1)

𝜆2
𝑏+1   , 𝑅𝑒[𝑎] > −1, 𝑅𝑒[𝑏] > −1. 

If 𝑎 and 𝑏 are positive integers, then 

 𝐿𝑥𝒰𝑡[𝑥𝑎𝑡𝑏] =
𝜆1𝜆3

𝑏

𝜆2
𝑏+1

𝑎!𝑏!

𝜌𝑎+1 

(3) ℎ(𝑥, 𝑡) = 𝑒𝑎𝑥+𝑏𝑡 

𝐿𝑥𝒰𝑡[𝑒𝑎𝑥+𝑏𝑡] = 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡
∞

0

𝑒𝑎𝑥+𝑏𝜆3𝑡 𝑑𝑥𝑑𝑡
∞

0

 

= 𝜆1 [∫ 𝑒−𝜌𝑥+𝑎𝑥
∞

0

 𝑑𝑥  ∫ 𝑒−𝜆2𝑡+𝑏𝜆3𝑡  𝑑𝑡
∞

0

] 
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=
𝜆1

(𝑎−𝜌)(𝑏𝜆3−𝜆2)
  

Similarly, 

𝐿𝑥𝒰𝑡[𝑒𝑖(𝑎𝑥+𝑏𝑡)] =
𝜆1

(𝑖𝑎 − 𝜌)(𝑖𝑏𝜆3 − 𝜆2)
 

=
𝜆1[(𝜌𝜆2 − 𝑎𝑏𝜆3) + (𝜌𝑏𝜆3 + 𝑎𝜆2)]

(𝜌2 + 𝑎2)(𝜆2
2 + 𝑏2𝜆3

2)
 

By using above equation we get, 

𝐿𝑥𝒰𝑡[sin (𝑎𝑥 + 𝑏𝑡)] =
𝜆1(𝜌𝑏𝜆3 + 𝑎𝜆2)

(𝜌2 + 𝑎2)(𝜆2
2 + 𝑏2𝜆3

2)
 

𝐿𝑥𝒰𝑡[cos (𝑎𝑥 + 𝑏𝑡)] =
𝜆1(𝜌𝜆2 − 𝑎𝑏𝜆3)

(𝜌2 + 𝑎2)(𝜆2
2 + 𝑏2𝜆3

2)
 

(4) ℎ(𝑥, 𝑡) = sinh(𝑐𝑥 + 𝑑𝑡)  𝑜𝑟 cosh(𝑐𝑥 + 𝑑𝑡) 

We know that sinh 𝑦 =
(𝑒𝑦−𝑒−𝑦)

2
  and cosh 𝑦 =

(𝑒𝑦+𝑒−𝑦)

2
. 

Thus, 

𝐿𝑥𝒰𝑡[sinh(𝑐𝑥 + 𝑑𝑡)] = 𝜆1 [
𝑎𝜆2 + 𝑏𝜆3𝜌

(𝑎2 − 𝜌2)(𝑏2𝜆3
2 − 𝜆2

2)
] 

 

𝐿𝑥𝒰𝑡[cosh(𝑐𝑥 + 𝑑𝑡)] = 𝜆1 [
𝑎𝑏𝜆3 + 𝜆2𝜌

(𝑎2 − 𝜌2)(𝑏2𝜆3
2 − 𝜆2

2)
] 

(5) ℎ(𝑥, 𝑡) = 𝑓(𝑥)𝑔(𝑡), then 

𝐿𝑥𝒰𝑡[ℎ(𝑥, 𝑡)] = 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡
∞

0

𝑓(𝑥)𝑔(𝜆3𝑡) 𝑑𝑥𝑑𝑡
∞

0

 

= ∫ 𝑒−𝜌𝑥𝑓(𝑥)𝑑𝑥
∞

𝑜

 𝜆1 ∫ 𝑒−𝜆2𝑡
∞

0

𝑔(𝜆3𝑡)𝑑𝑡 

                                    = 𝐿𝑥[𝑓(𝑥)]𝒰𝑡[𝑔(𝑡)]  

Existence condition for the double Laplace – Upadhyaya transform: 

If ℎ(𝑥, 𝑡) is of exponential order 𝑎 and 𝑏 as 𝑥 → ∞, 𝑡 → ∞, if there exist a positive constant 𝐾 such that 

∀ 𝑥 > 𝑋, 𝑡 > 𝑇 

|ℎ(𝑥, 𝑡)| = 𝐾𝑒𝑎𝑥+𝑏𝑡 , 

And  lim
𝑥→∞,𝑡→∞

𝑒−𝜌𝑥−𝜆2𝑡  |ℎ(𝑥, 𝑡)| = 0, 𝜌 > 𝑎 , 𝜆2 > 𝑏. 

Thus the function ℎ(𝑥, 𝑡) is said to be of exponential order. 
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Theorem 1:  

If a function ℎ(𝑥, 𝑡) is a continuous function in every finite interval (0, 𝑋) and (0, 𝑇) of exponential order 

𝑒𝑎𝑥+𝑏𝑡, then the double Laplace – Upadhyaya transform of ℎ(𝑥, 𝑡) exists for all 𝜌 and 𝜆2 provided 𝑅𝑒[𝜌] >

𝑎 and 𝑅𝑒[𝜆2] > 𝑏. 

Proof: 

From the definition (3) we have, 

| 𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3)|      =    |𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡
∞

0

ℎ(𝑥, 𝜆3𝑡) 𝑑𝑥𝑑𝑡
∞

0

| 

                                            ≤ 𝐾 ∫ 𝑒−(𝜌−𝑎)𝑥 𝑑𝑥  ∫ 𝜆1𝑒−(𝜆2−𝜆3𝑏)𝑡
∞

0

 𝑑𝑡  
∞

0

 

                                                      =
𝐾

(𝜌 − 𝑎)(1 −
𝑏𝜆3

𝜆2
)

  , 𝑅𝑒[𝜌] > 𝑎, 𝑅𝑒[𝜆2] > 𝑏     

∴   lim
𝑥,𝑡→∞

|𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3)| = 0 

Basic properties of double Laplace – Upadhyaya transform: 

Shifting Property: 

If 𝐿𝑥𝒰𝑡[ ℎ(𝑥, 𝑡)] = 𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) then 𝐿𝑥𝒰𝑡[𝑒𝑎𝑥+𝑏𝑡 ℎ(𝑥, 𝑡)] = 𝐻(𝜌 − 𝑎, 𝜆1, 𝜆2 − 𝑏, 𝜆3). 

Proof is left as an exercise to the reader. 

Properties of derivatives: 

If 𝐿𝑥𝒰𝑡[ ℎ(𝑥, 𝑡)] = 𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) then 

i.  𝐿𝑥𝒰𝑡 [
𝜕ℎ(𝑥,𝑡)

𝜕𝑥
] = 𝜌𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) − 𝒰[ℎ(0, 𝑡)] 

ii. 𝐿𝑥𝒰𝑡 [
𝜕ℎ(𝑥,𝑡)

𝜕𝑡
] = 𝜆2𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) − 𝜆1𝐿[ℎ(𝑥, 0)] 

iii. 𝐿𝑥𝒰𝑡 [
𝜕2ℎ(𝑥,𝑡)

𝜕𝑥2
] = 𝜌2 𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) − 𝜌𝒰[ℎ(0, 𝑡)] − 𝒰[ℎ𝑥(0, 𝑡)] 

iv. 𝐿𝑥𝒰𝑡 [
𝜕2ℎ(𝑥,𝑡)

𝜕𝑡2 ] = 𝜆2
2 𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) − 𝜆1𝐿[ℎ𝑡(𝑥, 0)] − 𝜆1𝜆2𝐿[ℎ(𝑥, 0)] 

v. 𝐿𝑥𝒰𝑡 [
𝜕2ℎ(𝑥,𝑡)

𝜕𝑥𝜕𝑡
] = 𝜆2𝜌 𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) − 𝜆1𝜌𝐿[ℎ(𝑥, 0)] − 𝒰[ℎ𝑡(0, 𝑡)] 

Proof: 

i. 𝐿𝑥𝒰𝑡 [
𝜕ℎ(𝑥,𝑡)

𝜕𝑥
] = 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡∞

0

𝜕ℎ(𝑥,𝑡)

𝜕𝑡

∞

0
  𝑑𝑥𝑑𝑡 

= 𝜆1 ∫ 𝑒−𝜆2𝑡 𝑑𝑡  ∫
𝑒−𝜌𝑥𝜕ℎ(𝑥, 𝜆3𝑡)

𝜕𝑥

∞

0

 𝑑𝑥
∞

0
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                             = 𝜆1 ∫ 𝑒−𝜆2𝑡 𝑑𝑡 {−ℎ(0, 𝜆3𝑡) + 𝜌 ∫ 𝑒−𝜌𝑥ℎ(𝑥, 𝜆3𝑡)
∞

0

 𝑑𝑥}
∞

0

 

                                        = 𝜌𝜆1 ∫ ∫ 𝑒−𝜆2𝑡−𝜌𝑥
∞

0

∞

0

ℎ(𝑥, 𝜆3𝑡)𝑑𝑥𝑑𝑡 − 𝜆1 ∫ 𝑒−𝜆2𝑡ℎ(0, 𝜆3𝑡)𝑑𝑡
∞

0

 

                                                        = 𝜌𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) − 𝒰[ℎ(0, 𝜆3𝑡)]  

 

Note: Proofs of ii. to v. is left as an exercise to the reader. 

 

Theorem 2: 

If 𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) = 𝐿𝑥𝒰𝑡[ ℎ(𝑥, 𝑡)], then 

𝐿𝑥𝒰𝑡[ℎ(𝑥 − 𝛿, 𝑡 − 𝜖 )𝐻(𝑥 − 𝛿, 𝑡 − 𝜖)] = 𝑒
−𝜌𝛿−

𝜖𝜆2
𝜆3 𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) 

Where 𝐻(𝑥, 𝑡) is a Heaviside unit step function given by, 

𝐻(𝑥 − 𝛿, 𝑡 − 𝜖) = {
1,       𝑥 > 𝛿, 𝑡 > 𝜖
0,         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Proof: 

𝐿𝑥𝒰𝑡 [ℎ(𝑥 − 𝛿, 𝑡 − 𝜖 )𝐻(𝑥 − 𝛿, 𝑡 − 𝜖) = 𝜆1 ∫ ∫ [𝑒−𝜌𝑥−𝜆2𝑡ℎ(𝑥 − 𝛿, 𝜆3𝑡 − 𝜖)𝐻(𝑥 − 𝛿, 𝜆3𝑡 − 𝜖)] 𝑑𝑥𝑑𝑡
∞

0

∞

0

] 

                                  = 𝜆3 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡ℎ(𝑥 − 𝛿, 𝜆3𝑡 − 𝜖) 𝑑𝑥𝑑𝑡
∞

𝜖
𝜆3

∞

𝛿

 

𝑝𝑢𝑡 𝑥 − 𝛿 = 𝑓, 𝜆3𝑡 − 𝜖 = 𝜆3𝑔 

𝑑𝑥 = 𝑑𝑓, 𝜆3𝑑𝑡 = 𝑑𝑔 

                                      = 𝜆1 ∫ ∫ 𝑒
−𝜌(𝑓+𝛿)−𝜆2(

𝜖+𝑔𝜆3
𝜆3

)
ℎ(𝑓, 𝜆3𝑔) 𝑑𝑓𝑑𝑔

∞

0

∞

0

 

                                                                = 𝜆1𝑒
𝜌𝛿−

𝜆2𝜖

𝜆3 ∫ ∫ 𝑒−𝜌𝑓−𝜆2𝑔ℎ(𝑓, 𝜆3𝑔) 𝑑𝑓𝑑𝑔
∞

0

∞

0
 

                                                                          = 𝑒
−𝜌𝛿−

𝜖𝜆2
𝜆3 𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3)  

Theorem 3: 

If the double Laplace – Upadhyaya transform of ℎ(𝑥, 𝑡) exists, where ℎ(𝑥, 𝑡) is a periodic function of periods 

𝑎 and 𝑏 such that ℎ(𝑥 + 𝑎, 𝑡 + 𝑏) = ℎ(𝑥, 𝑡) ∀ 𝑥, 𝑡 then, 

𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) = [1 − 𝑒
−𝜌𝑎−

𝜆2𝑏

𝜆3 ]
−1

𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡

𝑏

𝜆3

0
ℎ(𝑥, 𝜆3𝑡)𝑑𝑥𝑑𝑡

𝑎

0
 . 
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Proof:  

𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) = 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡
∞

0

ℎ(𝑥, 𝜆3𝑡)𝑑𝑥𝑑𝑡
∞

0

  

= 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡ℎ(𝑥, 𝜆3𝑡)𝑑𝑥𝑑𝑡

𝑏
𝜆3

0

𝑎

0

+ 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡ℎ(𝑥, 𝜆3𝑡)𝑑𝑥𝑑𝑡
∞

𝑏
𝜆3

∞

𝑎

  

Put 𝑥 − 𝑎 = 𝑓, 𝜆3𝑡 − 𝑏 = 𝜆3𝑔 in the second term 

                         = 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡ℎ(𝑥, 𝜆3𝑡)𝑑𝑥𝑑𝑡 + 𝑒
−𝜌𝑎−

𝜆2𝑏
𝜆3 𝜆1

𝑏
𝜆3

0

𝑎

0

∫ ∫ 𝑒−𝜌𝑓−𝜆2𝑔ℎ(𝑓 + 𝑎, 𝜆3𝑔 + 𝑏)𝑑𝑓𝑑𝑔
∞

0

∞

0

 

                      = 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡ℎ(𝑥, 𝜆3𝑡)𝑑𝑥𝑑𝑡 + 𝑒
−𝜌𝑎−

𝜆2𝑏

𝜆3 𝜆1

𝑏

𝜆3

0

𝑎

0
∫ ∫ 𝑒−𝜌𝑓−𝜆2𝑔ℎ(𝑓, 𝜆3𝑔)𝑑𝑓𝑑𝑔

∞

0

∞

0
 

= 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡ℎ(𝑥, 𝜆3𝑡)𝑑𝑥𝑑𝑡 + 𝑒
−𝜌𝑎−

𝜆2𝑏
𝜆3

𝑏
𝜆3

0

𝑎

0

𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) 

∴  𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) = [1 − 𝑒
−𝜌𝑎−

𝜆2𝑏
𝜆3 ]

−1

𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡

𝑏
𝜆3

0

ℎ(𝑥, 𝜆3𝑡)𝑑𝑥𝑑𝑡
𝑎

0

. 

 Convolution theorem of double Laplace – Upadhyaya transform: 

Definition 5:  

The convolution of ℎ(𝑥, 𝑡) and 𝑔(𝑥, 𝑡) is denoted by (ℎ ∗∗ 𝑔)(𝑥, 𝑡) and is defined by, 

(ℎ ∗∗ 𝑔)(𝑥, 𝑡) = ∫ ∫ ℎ(𝑥 − 𝛿, 𝑡 − 𝜖)𝑔(𝛿, 𝜖) 𝑑𝛿 𝑑𝜖
𝑡

0

𝑥

0

 

Theorem 4 (Convolution theorem): 

If 𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) = 𝐿𝑥𝒰𝑡[ ℎ(𝑥, 𝑡)], and 𝐺(𝜌, 𝜆1, 𝜆2, 𝜆3) = 𝐿𝑥𝒰𝑡[ 𝑔(𝑥, 𝑡)], then 

𝐿𝑥𝒰𝑡[(ℎ ∗∗ 𝑔)(𝑥, 𝑡)] =
𝜆3

𝜆1
𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3)𝐺(𝜌, 𝜆1, 𝜆2, 𝜆3)  

Proof: 

𝐿𝑥𝒰𝑡[(ℎ ∗∗ 𝑔)(𝑥, 𝑡)] = 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡(ℎ ∗∗ 𝑔)(𝑥, 𝑡)𝑑𝑥𝑑𝑡
∞

0

∞

0

 

                               = 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡 [∫ ∫ ℎ(𝑥 − 𝛿, 𝑡 − 𝜖)𝑔(𝛿, 𝜖) 𝑑𝛿 𝑑𝜖
𝑡

0

𝑥

0
] 𝑑𝑥𝑑𝑡

∞

0

∞

0
 

                                       Using Heaviside unit step function, 

                       = 𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡 [∫ ∫ ℎ(𝑥 − 𝛿, 𝑡 − 𝜖)𝐻(𝑥 − 𝛿, 𝑡 − 𝜖)𝑔(𝛿, 𝜖) 𝑑𝛿 𝑑𝜖
𝑡

0

𝑥

0

] 𝑑𝑥𝑑𝑡
∞

0

∞

0
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= ∫ ∫ 𝑔(𝛿, 𝜖) 𝑑𝛿 𝑑𝜖 {𝜆1 ∫ ∫ 𝑒−𝜌𝑥−𝜆2𝑡ℎ(𝑥 − 𝛿, 𝑡 − 𝜖)𝐻(𝑥 − 𝛿, 𝑡 − 𝜖) 𝑑𝑥𝑑𝑡
∞

0

∞

0

} 
∞

0

∞

0

 

= ∫ ∫ 𝑔(𝛿, 𝜖) 𝑑𝛿 𝑑𝜖 {𝑒
−𝜌𝛿−

𝜖𝜆2
𝜆3 𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3)} 

∞

0

∞

0

= 𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) ∫ ∫ 𝑒
−𝜌𝛿−

𝜖𝜆2
𝜆3

∞

0

𝑔(𝛿, 𝜖)
∞

0

 𝑑𝛿 𝑑𝜖 =
𝜆3

𝜆1
𝐻(𝜌, 𝜆1, 𝜆2, 𝜆3) 

Application of DLUT to solve partial differential equations: 

Following type of partial differential equations can be solved using DLUT, 

𝐴𝑈𝑥𝑥 + 𝐵𝑈𝑡𝑡 + 𝐶𝑈𝑥 + 𝐷𝑈𝑡 + 𝐸𝑈(𝑥, 𝑡) = 𝑔(𝑥, 𝑡)        (1)  

With initial conditions: 

𝑈(𝑥, 0) = ℎ1(𝑥), 𝑈𝑡(𝑥, 0) = ℎ2(𝑥)        (2) 

And the boundary conditions: 

𝑈(0, 𝑡) = ℎ3(𝑡), 𝑈𝑥(0, 𝑡) = ℎ4(𝑡),       (3) 

Where 𝐴, 𝐵, 𝐶, 𝐷 and 𝐸 are constants. 

Using property of DLUT, single Laplace transform and single Upadhyaya transform to (1), (2) and (3) 

respectively we get, 

𝑈(𝜌, 𝜆1, 𝜆2, 𝜆3)

= [
1

𝐴𝜌2 + 𝐵𝜆2
2 + 𝐶𝜌 + 𝐷𝜆2 + 𝐸

[𝐴ℎ4(𝜆1, 𝜆2, 𝜆3) + 𝐴𝜌ℎ3(𝜆1, 𝜆2, 𝜆3) + 𝐵𝜆1ℎ2(𝜌)

+ 𝐵𝜆1𝜆2ℎ1(𝜌) + 𝐶ℎ3(𝜆1, 𝜆2, 𝜆3) + 𝐷𝜆1ℎ1(𝜌) + 𝐺(𝜌, 𝜆1, 𝜆2, 𝜆3)]] 

∴ 𝑈(𝑥, 𝑡)                   = 𝐿𝑥
−1𝒰𝑡

−1 [
1

𝐴𝜌2+𝐵𝜆2
2+𝐶𝜌+𝐷𝜆2+𝐸

[𝐴ℎ4(𝜆1, 𝜆2, 𝜆3) + 𝐴𝜌ℎ3(𝜆1, 𝜆2, 𝜆3) + 𝐵𝜆1ℎ2(𝜌) +

𝐵𝜆1𝜆2ℎ1(𝜌) + 𝐶ℎ3(𝜆1, 𝜆2, 𝜆3) + 𝐷𝜆1ℎ1(𝜌) + 𝐺(𝜌, 𝜆1, 𝜆2, 𝜆3)]] (4) 

Illustrated Examples: 

Example 1  

Consider the homogenous wave equation [3] 𝑈𝑡𝑡 = 𝑈𝑥𝑥 , 

With initial conditions, 

𝑈(𝑥, 0) = 𝑠𝑖𝑛𝑥, 𝑈𝑡(𝑥, 0) = 2 

𝑈(0, 𝑡) = 2𝑡, 𝑈𝑥(0, 𝑡) = 𝑐𝑜𝑠𝑡  

put ℎ1(𝜌) =
1

𝜌2+1
, ℎ2(𝜌) =

2

𝜌
, ℎ3(𝜆1, 𝜆2, 𝜆3) =

2𝜆1𝜆3

𝜆2
2 , ℎ4(𝜆1, 𝜆2, 𝜆3) =

𝜆1𝜆2

𝜆2
2+𝜆3

2  in (4) to get the solution, 

𝑈(𝑥, 𝑡) = 𝐿𝑥
−1𝒰𝑡

−1 [
1

(𝜆2
2 − 𝜌2)

[
2𝜆1

𝜌
−

2𝜌𝜆1𝜆3

𝜆2
2 +

𝜆1𝜆2

(𝜌2 + 1)
−

𝜆1𝜆2

(𝜆2
2 + 𝜆3

2)
]] = 2𝑡 + 𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑡. 
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Example 2 

Consider the homogenous telegraph equation [3], 

𝑈𝑥𝑥 = 𝑈𝑡𝑡 + 𝑈𝑡 − 𝑈  

With the conditions, 

𝑈(𝑥, 0) = 𝑒𝑥 = ℎ1(𝑥), 𝑈𝑡(𝑥, 0) = −2𝑒𝑥 = ℎ2(𝑥) 

𝑈(0, 𝑡) = 𝑒−2𝑡 = ℎ3(𝑡), 𝑈𝑥(0, 𝑡) = 𝑒−2𝑡 = ℎ4(𝑡) 

Put, ℎ1(𝜌) =
1

𝜌−1
, ℎ2(𝜌) =

−2

𝜌−1
, ℎ3(𝜆1, 𝜆2, 𝜆3) =  ℎ4(𝜆1, 𝜆2, 𝜆3) =

𝜆1

𝜆2+2𝜆3
 in (4) to get the solution, 

𝑈(𝑥, 𝑡) = 𝐿𝑥
−1𝒰𝑡

−1 [
𝜆1

𝜌2 − 𝜆2
2 − 𝜆2 + 1

[
1 + 𝜌

𝜆2 + 2𝜆3
+

1 − 𝜆2

𝜌 − 1
]] = 𝑒𝑥−2𝑡 

Conclusion: 

In this paper we have introduced a new double transform known as double Laplace – Upadhyaya Transform. 

We also proved some elementary properties and basic theorems for DLUT. We further went on to solve 

partial differential equations of the type (1).  
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